CLUSTER ALGEBRA AND COMPLEX VOLUME OF 
ONCE-PUNCTURED TORUS BUNDLES AND TWO-BRIDGE KNOTS 
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Abstract. We propose a method to compute complex volume of 2-bridge knot com- 
plements. Clarified is a relationship between cluster variables with coefficients and 
canonical decompositions of knot complements. 



^ . 1. Introduction 

^ ', The cluster algebra was introduced by Fomin & Zelevinsky in [6], and it has been 

! studied extensively since then. The characteristic operation in cluster algebra called 

"mutation" is related to various notions, and there exists many application of cluster 
algebra to representation theory of Lie algebras and quantum groups, triangulated sur- 
^ ! face [4, 5], Teichmiiller theory [3], integrable systems, and so on. 

! As one of applications to geometry, the cluster algebraic technique is used to hyperbolic 

structure of fibered bundles [13], where cluster y- variables are identified with moduli of 

ideal hyperbolic tetrahedra. Our purpose in this paper is to study complex volume of 

2-bridge knot complements via cluster variables with coefficients. The complex volume 

j> ! is a complexification of hyperbolic volume, 

<N ■ 

^|- ■ Vol(M) + i CS(M), 

O 

■ where Vol(M) is the hyperbolic volume and CS(M) is the Chern-Simons invariant of 

M. Based on canonical decompositions of 2-bridge knot complements in [17], we clarify 

. a relationship between ideal tetrahedra and cluster mutations. Main observation is that 

the cluster variable with coefficients is closely related to Zickert's formulation of com- 
plex volume [21], and that the complex volume is given only from the cluster variable 
(Theorem 4.8, also Remark 4.9). We shall also give a formula of complex volume for 
c3 . once-punctured torus bundle over the circle (Theorem 3.10). 

There may be natural extensions of our results. One of them is a quantization of 
cluster algebra, which will be helpful in studies of Volume Conjecture [10, 11], a rela- 
tionship between a hyperbolic geometry and quantum invariants. Indeed in the case of 
once-punctured torus bundle, a classical limit of adjoint action of mutations and its re- 
lationship with [1, 9] are studied in [18]. Also a generalization to higher rank [3] remains 
for future works. 

This paper is organized as follows. In section 2, we briefly review the definition of 
cluster algebra and three-dimensional hyperbolic geometry, and explain their interre- 
lationship by taking a simple example. Section 3 is devoted to once-punctured torus 



Date: December 25, 2012. Revised on January 11, 2013. 

1 



2 



K. HIKAMI AND R. INOUE 



bundles over the circle. We formulate hyperbolic volume via y- variables in §3.1, and 
complex volume via cluster variables in §3.3. Section 4 is for 2-bridge knots. First we 
review a canonical decomposition of 2-bridge knot complements, and we describe it in 
terms of cluster algebra. The key is to introduce a tropical semifield (Definition 2.4) 
to which the cluster coefficients belong. The hyperbolic volume via y-variables and the 
complex volume via cluster variables are respectively formulated in §4.2 and §4.4. 

2. Cluster Algebra and 3-Dimensional Hyperbolic Geometry 

2.1 Cluster Algebra 

We follow a definition of cluster algebras in [6, 7]. Let (P, ©, •) be a semifield endowed 
an auxiliary addition ©, which is commutative, associative, and distributive with respect 
to the group multiplication • in P. Let QP denote the quotient field of the group ring 
ZP of P. Fix JVeZ >0 . 

Definition 2.1. A seed is a triple (jc,e, B), where 

• a cluster x — (x±, . . . , xn) is an iV-tuple of iV algebraically independent variables 
with coefficients in QP, 

• a coefficient tuple e = (e±, . . . , En) is an iV-tuple of elements in P, 

• an exchange matrix B = (b^) is an iV x iV skew symmetric integer matrix. 

We call cluster variable, and £, a coefficient. 

Definition 2.2. Let (x, e, B) be a seed. For each k — 1, . . . , N, we define the mutation 
of (x, e, B) by /!& as 



fi k (x,e,B) = (x,e,B), 



where 



• the cluster x = (x±, . . . , x^) is 
I 




for % ^ k, 




for i = k, 



(2.1) 



,e N ) is 



U (iee fc )" 

• the exchange matrix B = (6^) is 




for i — k, 



for % ^ k, b ki > 0, 




(2.2) 





for i — k or j = k, 



(2.3) 
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Note that the resulted triplet (x,e, B) is again a seed. 

By starting from an initial seed (cc, e, B), we iterate mutations and collect all obtained 
seeds. The cluster algebra A(x, e, B) is the ZP-subalgebra of the rational function field 
QP(aj) generated by all the cluster variables. In fact, in this paper we do not need the 
cluster algebra itself, but the seeds and the mutations. Further, we use the following: 

Proposition 2.3 ([7]). Let y be an N -tuple y = (y±, . . . , y^), defined by use of cluster x 
and coefficient e as 

k 

Then we have a mutation, 

ti k (y,B) = (y,B), (2.5) 

where 

• V — (yi) • • • ,Vn) ^ analogous to (2.2), 

'y fc ~\ fori = k, 

( Vk \ hkl 

Vi=\V%\ ~r, > forijt k, b ki > 0, (2.6) 

\^ + ykJ 

-bki 



Vi = eiH*k bki - ( 2 - 4 ) 



^Vi (1 + Vk) kl , fori^ k, bki < 0, 



B = (b lj ) is (2.3). 



This proposition holds for arbitrary semifield (P, ©, •). In this paper we call yi a cluster 
y- variable, or a y- variable. Hereafter we use a tropical semifield [7]. 

Definition 2.4. Set P = {5 k | k e Z}. Let (P, ©, •) be a semifield generated by a 
variable 5 with a multiplication • and an addition ©, 

fiki q gin = S mm(kite) , (2.7) 

Definition 2.5. We define a map ■?/>, ^ : P — > { — 1, 1}, given by substituting 5 = — 1 in 
elements of P. 



For the later use, we introduce the permutation acting on seeds. 

Definition 2.6. For i,j e {1, . . . , N} and % ^ j, let Sjj be a permutation of subscripts 
i and j in seeds. For example permutated cluster s^j{x) is defined by 

s i,j{' ' ' i^ji' ' ' ) = ( ' ' ' j *£j ) ' ' ' )*£»)■'")■ 

Actions on e and B are defined in the same manner. They induce an action on y, and 
Sij(y) has a same form. 
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2.2 Hyperbolic Geometry 

A fundamental object in three-dimensional hyperbolic geometry is an ideal hyperbolic 
tetrahedron A in Fig. 1 [19]. The tetrahedron is parameterized by a modulus z G C, 
and each dihedral angle is given as in the figure. We mean z' and z" for given modulus 

z by 

z' = 1 - z" = J—. (2.8) 

z 1 — z 

The cross section by the horosphere at each vertex is similar to the triangle in C with ver- 
tices 0, 1, and z as in Fig. 2. In Fig. 1, we have assigned a vertex ordering following [21], 
which is crucial in computing the complex volume of tetrahedra modulo 7r 2 . 




^3 

Figure 1. An ideal hyperbolic tetrahedron A with modulus z. Dihedral 
angles are given by z, z' = 1 — 1/z, and z" = 1/(1 — z). Each v a denotes 
a vertex ordering. We give an orientation to an edge from v a to Vb (a < b). 



z 








Figure 2. A triangle in C with vertices 0, 1, and z. 

The hyperbolic volume of an ideal tetrahedron A with modulus z is given by the 
Bloch-Wigner function 

D(z) = SLi 2 (^) + arg(l-2) log|z|, (2.9) 
where Li 2 (z) is the dilogarithm function, 

r ds 

U 2 {z) = - / log(l - s) -. 

Jo s 

Note that 

D(z) = D(z') = D{z") 

= -D(l/z) = -D(l/z') = -D(l/z"). (2.10) 
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See, e.g., [20]. 

A set of ideal tetrahedra {A^} is glued together to construct a cusped hyperbolic 
manifold M. A modulus z v of each ideal tetrahedron A„ is determined from both 
gluing conditions around each edge and a completeness condition [14, 16, 19]. Then the 
hyperbolic volume of M is given by 

Vol(M) = ^D{z v ). (2.11) 

V 

The complex volume, Vol(M) +i CS(M), is related to an extended Rogers dilogarithm 
function 

L(z;p,q) = Li 2 (z) + ^log2log(l-2) + y (glogz + P log(l - z)) - y, (2.12) 

where p,q & Z. To compute the complex volume, we need an additional structure to the 
moduli of ideal tetrahedra: 

Definition 2.7 ([15]). A flattening of an ideal tetrahedron A is 

(w , w u w 2 ) = (log z + p 7T i, - log(l -z) + q m, log(l - z) - log z - (p + g) 7r i) , (2.13) 
where z is the modulus of A and p, q G Z. We use (z; p, g) to denote the flattening of A. 

In [15], the extended pre-Bloch group is defined as the free abelian group on flattenings 
subject to a five-term relation, and shown is that the flattening gives the complex volume. 

Proposition 2.8 ([15]). The complex volume of M is 

i (Vol(M) + i CS(M)) = ^sgn(z/) L(z u ;p u ,q u ), (2.14) 

where (z u ;p u ,q u ) and sgn(z/) = ±1 representing a flattening and a vertex ordering of a 
tetrahedron A u . 

For a tetrahedron A in Fig. 1, let c a b be a complex number assigned to an edge 
connecting vertices v a and v^. Zickert clarified that the flattening (z; p, q) of A is given 
by c a b as follows. 

Proposition 2.9 ([21]). When we have 

c 03 c 12 , c 01 c 23 , / , 1\ c 02 C13 1 

= ±2, =± =±- , 

c 02 c 13 c 03 c 12 V Z / C 01 c 23 1—2 

t/ie flattening (z; p, q) is given by 

log Z + p 7T i = log C 03 + log C12 - log C 02 - log C13, 

- log(l - z) + g Ti i = log c 02 + log ci 3 - log coi - log c 23 . 

Remark 2.10. In gluing tetrahedra to construct M, identical edges have the same complex 
numbers. 



(2.15) 
(2.16) 
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2.3 Interrelationship 

Correspondence between the cluster algebra and the hyperbolic geometry can be seen 
in a simple example. 1 We study a triangulation of surface and its flip as in Fig. 3. 
Triangulation is related to quiver where the number of edges in a triangulation is the 
same as the fixed number N in the cluster algebra, and flip can be regarded as mutation, 
as depicted in the figure. Note that the exchange matrix B = (6^) of quiver is 

bij = arrows from i to j} — ^{arrows from j to i}. 

By definition (2.4), the mutation ^(y, B) = (y, B), is explicitly written as 

yi = v\ (i + 2/3), 

y 2 = y 2 (l + yf 1 y 1 , 

m = yf\ (2.17) 
y 4 = y 4 (l + yf 1 y 1 , 

m = 2/5(1 + 2/3). 




Figure 3. Triangulation of a punctured surface. Associated quiver is 
depicted in red. 




Figure 4. Flip and attachment of pleated tetrahedron. 

On the other hand, we may regard a flip in Fig. 3 as an attachment of ideal tetrahedron 
A with modulus z whose faces are pleated. See Fig. 4. When we denote Zk as a dihedral 



We thank T. Dimofte. 
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angle on edge k, dihedral angle z k after attaching A is given by 

Z\ = Z\ z\ 
z 2 = z 2 z " i 



z 3 = z, (2.18) 



with a hyperbolic gluing condition 



Z4 — Z4 z , 

Z5 — z§ z' : 



Z 3 Z = 1. 



Comparing (2.17) with (2.18), we observe that the cluster y-variable is related to 
dihedral angle by 

Dk = -Zk, 

and especially a modulus of ideal tetrahedron A is given by 

z = --, (2.19) 

2/3 

where a subscript "3" is a direction of mutation. 

3. Once-Punctured Torus Bundle over S 1 

3.1 y-pattern and Hyperbolic Volume 

Let E 1;1 be a once-punctured torus, (M 2 \Z 2 )/Z 2 . We set M v to be the once-punctured 
torus bundle over the circle, whose monodromy is determined by a mapping class if G 
SX(2;Z). More precisely, via (p : Sx^ — > S 1;1 we define identification (x,0) ~ (ip(x),l) 
for G Si,!, and set = S^i x [0, 1]/ ~. It is known that M v is hyperbolic when ip 
has distinct real eigenvalues, and that up to conjugation we have 

f = R Sl L ll ---R Sn L tn , (3.1) 

where 



R 



Oil' L ~ (l 1 



To denote a mapping class (3.1) we use a sequence of symbols F 1 F 2 • • • F c = 
R - — R y L_ - L- ■ ■ R - — R y L L where F k = R or L, and 

Si ii s n t n 

n 

c = X>i + (3-2) 

j'=i 



We set a triangulation of Si^ as depicted in Fig. 5. It is related to the Farey trian- 
gles [2], and we will explain these Farey triangles later in the subsequent section. The 
actions of R and L are interpreted as "flips" of triangulation as shown in the figure. The 
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triangulation is translated into the cluster algebra of N = 3 with the exchange matrix 
as 

/ -2 2 \ 
B = 2 -2 . (3.3) 
\-2 2 / 

This denotes the quiver in Fig. 6, where each vertex has a labeling corresponding to that 
of an edge in the triangulation. Then the flips R and L can be identified with mutations 
in the cluster algebra (cf. [18]), and we have 

R = s 1:3 fi 1 , L = s 2 , 3 /i2, (3.4) 

where Sij is a permutation defined at Definition 2.6. See Fig. 5. We have used permu- 
tations so that the exchange matrix (3.3) is invariant under these actions. In this way 
the flips R and L act on y-variable respectively as 

(y, B) A (R(y), B), (y, B) 4 (L(y), B), (3.5) 

where 




Figure 5. Triangulation of once-punctured torus (left). The vertex de- 
notes a puncture. A fundamental region is colored gray. A labeling of each 
edge corresponds to that of each vertex in the quiver. Actions of flips, R 
and L, are given in the right hand side. 
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1 



2 



A 



3 



Figure 6. A quiver associated to a triangulation of once-puncture torus 

Definition 3.1. A y-pattern of a mapping class (f = F\---F c (3.1) is y[k] for k = 
1, 2, . . . , c + 1 defined recursively by 



Figure 7. Tetrahedra A(i?) and A(L) assigned to flip R and L on once- 
punctured torus. Once we fix an orientation of triangulation of an 
orientation of tetrahedra is induced as illustrated in the figure. 

To each flip, R or L, assigned is a single ideal hyperbolic tetrahedron A(Fk) as il- 
lustrated in Fig. 7, where triangulations of Si i in Fig. 5 can be regarded as the top 
and bottom pleated faces of ideal tetrahedron [2]. In a cross section by horosphere at a 
vertex we have four triangles, and each of them has one vertex not shared with any of 
the other three as in Fig. 7. 

Our first claim is that modulus of each ideal tetrahedron is given from a ^/-pattern. 
See also [13]. 

Proposition 3.2. Let y[k] be a y-pattern of (p with an initial condition, 




(3.7) 





(3.8) 



Here yi and y 2 are geometric solutions of 



y[l] = y[c+l], 



(3.9) 
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such that each modulus z[k] defined by 

( 1 



z 



-, when Fk = R, 



V[k]i 

1 (3-10) 
, when Fk = L, 



y[kh 

is in the upper half plane HI for k — 1, • • • , c. 
Then z[k] is a modulus of tetrahedron A(Ffc). 

Remark 3.3. We have discarded vertex orderings of tetrahedra in setting of moduli (3.10) 
here. 



Corollary 3.4. The hyperbolic volume of M v is given by 

c 

Vol(M„) = (3- 11 ) 

k=l 

where z[k] is the modulus of A(Ffc) obtained as (3.10). 

3.2 Proof of Proposition 3.2 

We shall check that both gluing conditions and a completeness condition are fulfilled 
for a set of moduli (3.10). For this purpose, we recall a developing map of torus at 
infinity given in Fig. 8 (see, e.g., [8]). 



First of all, we have 



z[3] (z"[2]Y z[l] 



y[3]i Vi + z/[2]rV yWi 
-1 -1 



j/[2] 3 y[i]i 



= i. 



Here we have used y[3] = R(y[2]) in the second equality, and the last equality follows 
from y[2] = R(y[l]). See (3.6) for the action of flip R. We see that this equality is 
nothing but a gluing condition for the second green circle from the bottom in Fig. 8. In 
the same manner, we can check 

z[k + l] {z"[k\f z[k-l\ = 1, 

for 2 < k < c — 1, which is also corresponds to gluing conditions in the figure. With a 
help of periodic condition (3.9), we have 

z\2] {z"\l]f z[c] = ' / 1 V " ' 



2/[2]i Vi + y[i]rV y[ch 
= i, 

where we have used y[l]3 = y[c + 1)3 = y[c] 2 _1 . This coincides with a consistency 
condition for the right green semi-circle (top and bottom) in the figure. 
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Figure 8. Developing map of the once-punctured torus bundle over the 
circle. To emphasize the layered structure, every vertex is opened up and 
each layer is colored alternately. Here * denotes dihedral angles z[k], and 
other dihedral angles are z'[k] or z"[k] as in Fig. 2. 



We can further check that 



z[ 8l + 1] J] W • ^'M) 2 z i c - !] = vls T n ft (1 + V[*]l) 8 • (1 + vM*) 2 -r— V 
fc=i y[ i "I" J2 fc=1 y[ J2 

= ^ !/[c+ll2 = 1 ' 

due to (3.9). This identity corresponds to a gluing condition for left green semi-circle 
(top and bottom) in the figure. As another example of this type of equality, we have 



zist+h + 1}- n (z"[k]f ■ z[si - 1] = 1, 

k=si 



which denotes a gluing condition for right middle large green circle. In this way, it is 
straightforward to check consistency conditions in the figure. 
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A completeness condition can be checked similarly. We have 

(AS-fi^)"-*' +1 i) , -(Sr-n^*iJ"-i E Tii; 



= 1, 



^y[l] iy [l] 2 y[l] 3/ 

where the last equality follows from the initial condition (3.8). This equality is a com- 
pleteness condition from a red curve in the figure. 

This completes the proof. 



3.3 Cluster Pattern and Complex Volume 

We shall reformulate the preceding result by use of cluster variables with coefficients. 
By definition, the permutated mutations R and L (3.4) act on a seed as 



where 



(x,e,B)->(R(x,e),B), 



R(x, e) 



x 3 

£ 1 x 2 _|_ 1 x 3 



(x,e,B) A(L(x,e),B). 
\ T < 



(3.12) 



y \1 © £i X\ 1 © £i Xi / 



£l \ \ \ 



/ 



L(cc, e) 



x 3 

1 , g 2 x 3 2 



\\\@e 2 x 2 1 © e 2 x 2 J 



' " ' 1 © £i 

£ 2 (l©£i) 2 
V J ) 



ci 



(3.13) 



V 



1 ©£ 2 

e 3 {l ®e 2 f 



> ) 



Definition 3.5. A cluster pattern of (p — F 1 • • ■ F c (3.1) is (x[k], e[k]) for k = 1, 2, . . . , c+ 
1 defined recursively by 



[x[k + l],e[k + l]) = F k (x[k],e[k]). 



We set an initial seed (x, e, B) by 
x[l] = (xi,x 2 ,x 3 ), 
and (3.3). Note that for all k we have 

e[k] = (1,1,1). 

When we set a periodic condition 

x[c+l] = x[l], 



e[l] = (1,1,1), 



(3.14) 

(3.15) 
(3.16) 
(3.17) 



all cluster variables x[fc]j are determined up to constant. Thanks to Prop. 2.3, the 
y-pattern in Prop. 3.2 can be identified with 



y[k] 



x [kh\ 2 ( x[k} 3 \ 2 ( ' x[k]i x ' 



X [ft 3 



x[k]i J ' \x[k] 2 



(3.18) 
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and (3.17) supports a periodicity of y-variable, y[l] = y[c + 1]. Because of facts that a 
y-pattern y[k] is related to moduli of A(F k ), and that cluster variable is assigned to each 
edge in triangulations, cluster variables can be identified with Zickert's edge parameters 
c ab in (2.15). 

Remark 3.6. In the present case of M v , it may not be obvious how the semifield P does 
work. The advantage of P will be clarified in the case of 2-bridge knot complements. 



To get the complex volume modulo n 2 , we need to take into account of orientation of 
A(Ffc). We assign orientations to triangulations of Si 5 i, and it induces an orientations 
of A(i*fc) as illustrated in Fig. 7 [15]. A tetrahedron A(R) has the same orientation with 
one in Fig. 1, while a tetrahedron A(L) has an opposite orientation. Using a relationship 
between the vertex ordering and dihedral angles in Fig. 1, we obtain the following. 



Lemma 3.7. Let x[k] be a cluster pattern satisfying the condition (3.17). Then the 
modulus z[k] of A(F k ) is given by 



x[k]i x[k + 1] 



z[k] = < 



(x[k} 3) 
x[k] 2 x[k + 1] 3 



(*[*]s) 



2 , for F k = R, 

lln 

, for F k = L, 



(3.19) 



fork = l,...,c. 



Proof. When F k = R, we see from a vertex ordering of A(R) in Fig. 7 and A in Fig. 1 
that —l/y[k]i is identified with z"[k]. By using (3.13) and (3.18), we obtain 

r h] - (^W 2 ) 2 + (X[k] 3 y x[k] lX [k + l] 3 

z[k\ = 1 + y[k i = = — — . 

(x[fcj 3 ) 2 {x[k\ 3 y 

When F k = L, we find that A(L) in Fig. 7 has an opposite vertex ordering to A in 
Fig. 1. Thus (— l/ylk^)' 1 corresponds to z"[k], and we get 

lk]= _±_ (S[fc]l) 2 +(*[fc]3) 2 = X[k} 2 x[k + 1] 3 

Z[J y[^] 2 {x[k] 3 y (x[k] 3 y ■ 

□ 



We should stress that we have discarded a vertex ordering in Prop. 3.2, and that (3.10) 
with (3.18) does not coincides with (3.19). See Remark 3.11 below. 

Remark 3.8. Due to orientation of tetrahedron, a geometric solution is ^(^[/c]) > (resp. 
%{z[k}) < 0) for F k = R (resp. F k = L). 



We obtain the flattening of A(F k ) as follows. 
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Lemma 3.9. We follow the setting at Lemma 3.7. The flattening (z[k];p[k],q[k\) for 
the tetrahedron A(F k ) is given by 



log z[k] + p[k] it i 



-log(l-*[A;])+g[A;]7ri 



for k = 1, . . . ,c. 



'logx[A;]i + logrc[£; + 1] 3 -2logx[k] 3 , for F k = R, 
logx[k] 2 + logx[k + 1] 3 - 2 logx[k] 3 , for F k = L, 

'21oga:[A;]3-21ogx[A;] 2 , for F k = R, 
> 21oga;[A;]3-21oga;[A;]i, forF k = L, 



(3.20) 



Proof. Identification of moduli (3.19) and the actions (3.13) of flips result in 



1 - z[k\ 



= < 



x[k]j 
x[k]i 



for F k = R, 



for F k = L. 



From (3.19), (3.21), and Zickert's identity (2.15), the claim follows. 



(3.21) 



□ 



The following is the main result in this section. 
Theorem 3.10. The complex volume of is 

c 

i (Vol(M„) + i CS(M„)) = s S n ( F fc) L W%PH (ilk}) mod k 2 . (3.22) 



fe=i 



where sgn(i?) = 1 and sgn(L) = —1, and the flattening (z[k];p[k],q[k]) is given in (3.19) 
and (3.20). 

Remark 3.11. When we discard the vertex ordering of ideal hyperbolic tetrahedra A(F fe ), 

2 

the resulting complex volume is defined modulo ^- [15]. Ignoring orientations of A(F k ), 
we may simply set moduli of tetrahedra from (3.10) and (3.18) as 



z[k\ = < 



x[k]c 
x[k]i 

x[k]i 
x[k]' £ 



, for F k = R, 



, for F k = L, 



for k — 1, . . . , c. Then we obtain the flattening (z[k]; p[k], q[k]) from 

' 2logx\k]z - 2logx\k} 2 , for F k = R, 



log z[k] + p[k] 7r i 



-log(l-2;[A;]) + g[A;]7ri 



21ogx[A;]i - 21ogx[A;]3, for F k = L, 

21ogx[A;]2 - logx[fc]i - logx[k + 1] 3 , for F k = R, 
_21oga;[A;]3 - logx[A;]2 - logx[k + 1] 3 , for F k = L. 
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With these flattening, we have the complex volume modulo ^- [15] by 

c 2 

i (Vo\(My)+iCS(M v )) = ^L(z[k];p[k],q[k]) mod y. 

k=i 

3.4 Example: RL 2 

We take an example ip = RL 2 . A cluster pattern is 

x[l] 4 x[2] 4 x[3] 4 x[A]. 

An initial cluster variable x[l] = (x±, x 2 , x^) is solved up to constant from a periodic 
condition (3.17), x[l] = x[A\. 

\ 4 / \ 2 



By setting xi = X3 = 1, geometric solutions are X2 = ±(0.6760- •• + i • 0.9783 •••). 
From (3.20) the plus sign solution gives the flattening parameters (p[k], q[k]) for k = 
1,2,3 as (0,-1), (0,1), (0,1), while the minus sign one gives (0,1), (-2,1), (2,-1). 
Both solutions give 

Vol(M RL2 ) + i CS(M RL 2) = 2.6667 i • 0.4112 

4. 2-Bridge Knots 

4.1 Canonical Decomposition of 2-Bridge Knot Complements 

We briefly describe the canonical decomposition of a hyperbolic 2-bridge knot follow- 
ing [17]. See also [8]. Let K q / P be a hyperbolic 2-bridge knot (or link). Here we assume 
that p and q are coprime integers such that 2 < q < p/2 (see, e.g., [12]). When p is even, 
K q / p is link. We use a continued fraction expression of q/p, 

q/p= = [ai,a 2 ,...,a n ], (4.1) 

ai H 



a 2 + 



1 

•■ + — 

On 



where n > 1, aj G Z >0 , and a n > 2. We set 

n 

c = ^a,. (4.2) 

i=l 

Correspondingly we have the chain of Farey triangles, ( cr[l], cr[2], cr[c]) in Fig. 9. 
Vertices of each Farey triangle are rational numbers, a/b, c/d, and (a + c)/(b + d). 

Each Farey triangle determines a triangulation of 4-punctured sphere E 0) 4 = (M 2 \ 
Z 2 )/r, where T is a transformation group generated by 7r-rotations about every point in 
Z 2 . When two Farey triangles a[k] and cr[/c+l] are adjacent, a flip connects triangulations 
of E ,4 as in Fig. 10. Namely when a[k + 1] is in the right (resp. left) to a[k], a flip R 
(resp. L) acts on triangulation of E 0j4 . In constructing a canonical decomposition of 
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Figure 9. The Farey triangle 

S* 3 \ K q / p , triangulations for the first Farey triangle a [I] is collapsed into a single edge, 
and the Farey triangle a[2] is folded along the edge of 1/2. Similarly the triangle a[c] 
collapsed into an edge, and a[c — 1] is folded along an edge of [a 1: . . . , a n — 2]. We use a 
sequence of symbols to denote flips as 

f R 01 ' 1 L a2 R az ■ ■ ■ R "- 1 Z>- 2 , when n is even, 
F l F 2 -- ■ F c _ 3 = < (4.3) 

L a 2 R a 3 . . . L a n _! #a n -2^ when n j g odd 

Here denotes a symbol, Fk = R or L, and acts on the triangulation for a[k + 1]. 

As in the case of the once-punctured torus bundle, we can assign ideal hyperbolic 
tetrahedra to flips. In the case of four-punctured sphere, a pair of ideal hyperbolic 
tetrahedra, Ai(F^) and A 2 (-Ffc), are associated to the flip F^ as in Fig. 11. Here we have 
illustrated only a single peripheral annulus, since the combinatorics of four peripheral 
annuli are same. Due to folding of a [2], the first pair of tetrahedra Aj(Fi) is folded at 
edge corresponding to 1/2. Similarly the last pair of tetrahedra Aj(F c _ 3 ) is also folded 
at edge corresponding to [ai, . . . , a n — 2]. 



4.2 y-pattern and Hyperbolic Volume 



We first formulate the flips (4.3) by use of mutations in the y- variables. We set a 
triangulation of four-punctured sphere £0,4 as m Fig- 10. It induces the cluster algebra 
oi N = Q with the exchange matrix B 



B 




1 
1 

-1 

V-i 





1 
1 

-1 
-1 



-1 -1 
-1 -1 





1 
1 





1 
1 








1 

-1 
-1 


0/ 



(4.4) 



whose quiver is in Fig. 12. 

The flips, R and L, in Fig. 10 are simply identified with permutated mutations as 

R = S5,6Sl,5 S 2 fiH\ 111, L = S5,6S3,5S 4 ,6Al3Al4- 

Here, as in the case of the once-punctured torus, we have inserted permutations Sij 
so that the exchange matrix B (4.4) is invariant under R and L. Explicit actions on 
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Figure 10. Triangulation of 4-punctured sphere S 0j 4 (left), where a fun- 
damental region is colored gray. The flips of triangulation are given in the 
right hand side. 



y- variables are written as 



(y,B)$(R(y),B), 



where 



R(y) 



fy 5 (l + y-Y 1 (l+y2- 1 )- 1 \ 

y 6 (i + yr 1 )- 1 (i + 2/ 2 - 1 )- 1 

y 3 (1 + Vl ) (1 + y 2 ) 
y A (1 + Vl ) (1 + y 2 ) 



(y,B) 4(L(i/),B), 



(4.6) 



V 



V2 

Vi 



L{y) 



/ yi (i + y3 -i)-i(i + y4 -i)-i\ 

i/aa+i/a-^a+vr 1 )- 1 

y 5 (l + y 3 ) (i + y 4 ) 



/ 



V 



y 6 (1 + y 3 ) (1 + y 4 ) 



/ 



(4.7) 



Definition 4.1. A y-pattern for if g / p is y[k] for A; = 1, 2, . . . , c — 2 defined by 

y[k + l] = F k {y[k]). (4.8) 

where F fc is R or L as in (4.3). 



IS 




Figure 11. Tetrahedron Aj(i?) and Aj(L) assigned to flip R and L on 
four-punctured sphere. 




Figure 12. A quiver associated to triangulation of four-punctured sphere £ 4- 



Proposition 4.2. Let y[k] be a y-pattern for K q / p constructed from an initial condition 

y[i] = (y,y, -1,-1 ) • 
\ y y J 

Here y is a geometric solution of 

y[c — 2] 3 = y[c — 2] 4 = —1, if n is even, 

y[c — 2]i = y[c — 2] 2 = — 1, if n is odd, 

such that each modulus Zi[k] for i = 1, 2 and = 1, 2, . . . , c — 3 defined by 

< 1 



(4.9) 



(4.10) 



Zi[k) = < 



y[k]i 
l 



I v[*] 



2+i 



ifF k = R, 
ifF k = L, 



(4.n; 



is m t/ie upper half plane H. 
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Then Zi[k] denotes a modulus of tetrahedron Aj(Ffc). 
Corollary 4.3. The hyperbolic volume of the knot complement S 3 \ K q / p is given by 

c-3 

Vo\(S 3 \K q/p ) = J2J2 D ^> ( 412 ) 

k=l i=l,2 

where Zi[k] 's are the moduli (4.11). 

Remark 4.4. Under the initial condition (4.9), we have invariants of y- variable under a 
mutation, 

y[k] n y[k] t2 y[k] ts = l, (4.13) 
for k = 1, 2, . . . , c - 2 and (i x , i 2 , i 3 ) G {1, 2} x {3, 4} x {5, 6}. 

4.3 Proof of Proposition 4.2 

We study four cases separately, 

(I) even n, and a n > 2, 

F 1 ■ ■ ■ F c _ 3 = R^- 1 ^ ■ ■ ■ L a -~\ y[c - 2] 3 = y[c - 2] 4 = -1, 

(II) even n, and a n = 2, 

Fx • • • F c _ 3 = R 01 ' 1 ^ 2 ■ ■ ■ R a "~\ y[c - 2] 3 = y[c - 2] 4 = -1, 

(III) odd n, and a n > 2, 

Fx • • • F c _ 3 = i? 01 - 1 ^ 2 • • • R a -~\ y[c -2] 1 = y[c- 2] 2 = -1, 

(IV) odd n, and a n = 2, 

F 1 ■ ■ ■ F c _ 3 = R^L^ ■ ■ ■ L a -\ y[c -2] 1 = y[c- 2] 2 = -1. 

We start a proof for the case (I). We recall that a y-pattern is 

y[l] A • • • A y[ai] 4 y[ai + 1] 4 • • • 4 j/[ai + a 2 ] A • • • . 

A typical developing map of one peripheral annulus is depicted in Fig. 13. To see that 
the ^/-variable is related to modulus of ideal tetrahedra Aj(F fc ) through (4.11), we need 
to check that both gluing conditions and a completeness condition are fulfilled. For 
example, a gluing condition for a green circle in the bottom of Fig. 13 can be checked as 
follows; 



y[2] 2 1 + yflJr 1 l + y[l] 2 _1 
-1 

where we have used y[2] = R(y[l\) as given in (4.7), and the last equality is from (4.9). 
In the same manner, a gluing condition for the second green circle from the bottom can 
be checked by use of y[3] = R(y[2\) and y[2] = R(y[l]) as 

1 



y[2] 5 y[ih 
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Figure 13. Developing map of one peripheral annulus for the case (I). To 
emphasize the layered structure, each vertex is opened up and each layer 
is colored alternately. Here 1 and 2 respectively denote dihedral angles 
Z\\k\ and ^[/c]. Two black arrows denote an identification of edges, which 
are consequence of folding of a [2] and a[c — 1]. 



We can check that + z"[k] z'^k] z^\k — 1] = 1, and that this type of identity denotes 
a gluing condition composed from four dihedral angles in Fig. 13. A gluing condition for 
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a green circle in the middle of the figure is also checked as follows, 

11 +(12 — 1 

z 2 [a x + a 2 \- JJ z'{[k\4[k\ ■ z x [a x -2] 

k=a\ — 1 
1 ai+a2 — 1 



y[ai + a 2 ] 2 
1 

y[ai + a 2 ] 2 



p4 x 1 1 1 1 

ai+a 2 -l - ^ 

n i + »[*],- 1 + mT 1 ' ylaih 



= —r — ■ — ryl ai + fl2 ] 2 = L 

y[a>i + a 2 J 2 

Other gluing conditions are essentially same with above computations. 

A completeness condition can be read from red curves in the figure. From the lower 
curve we have 

ai — 1 / r-. i -. ai — 1 



.[ fll ] • n m m ■ §|i = ^ • n c 1 + wWi) ( x + « • ^j- 



I/Ma 

-1 



y[i]iy[i] 3 

where we have used (4.9) in the last equality. It is noted that, corresponding to an upper 
red curve, we can check that 



*flc-3] 
4[c-3] 



c-4 



FI z'{[k]z 2 f [k]-z 2 [c-a n -2] 



k=c—a n —l 

= -y[c-2] 3 y[c-2] 5 = l, 
where (4.10) and (4.13) are used in the last equality. 

This completes a proof for the case (I). 




Figure 14. Upper part of developing map for the case (II). 



In the case (II), the developing map is slightly different from the case (I): the lower 
part of Fig. 13 is same, but an upper part is replaced with Fig. 14. A consistency check 
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of gluing equations is same with the case (I). For example, a gluing equation for a green 
circle in Fig. 14 is 



c-3 



I ] A l k ] 4 [k] ■ z 2 [c- a n _i - 2] 



k=c— a n _i— 1 
c-3 



] I (1 + y[k]i) (1 + y[k] 2 ) ■ (1 + y[c - a n ^ - 1] 3 ) (1 + y[c - a n ^ - 1] 4 ) 



-1 



k=c— a n _i 

-y[c-2] 3 = l, 



y[c - a„_i 



where the folding condition (4.10) is used in the last equality. A red curve in Fig. 14 
reads as 

z?[c-3] 



4 [c-3] 



*i[c-4] = -y[c-2] 5 y[c-2] 2 = l, 



where the last equality is a consequence of (4.10) and (4.13), and this denotes a com- 
pleteness condition. This completes a proof for the case (II). 



a n - 2 




Figure 15. Upper part of developing map for case (III). 



In the case (III), an upper part of Fig. 13 is replaced with Fig. 15. A gluing condition 
for a green circle in Fig. 15 can be checked as 



z'([c - 3] 4[c - 3} Zl [c - 4] = (1 + y[c - 3]^) 1 (l + y[c - 3]^) 

= -y[ C -2} 2 = 1. 



-1 



y[c-4]] 



Correspondingly a completeness condition is read from a red curve in Fig. 15, and we 
can check 



A [c-3] 
4'[c-3] 



c-4 



I I z[[k] z' 2 [k] ■ Zl [c - a n - 2] = -y[c - 2} 6 y[c - 2] 4 = 1, 



k=c— a n — 1 

by using (4.10) and (4.13) at the last equality. This completes a proof for the case (III). 
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On-1 < 




Figure 16. Upper part of developing map for case (IV). 



In the last case (IV), an upper part of Fig. 13 is replaced by Fig. 16. A gluing condition 
for a green curve in Fig. 16 is checked as 

c-3 



] [ z"[k] z'z[k] • z 2 [c - a n _i - 2] 
1 1 



k=c— a n —i~ 1 
c-3 



n 



k=c— a n _i 
c-3 



1 + y[k] 3 1 1 + y[k] A 1 l + y[c- a n _ x - 1] 1 1 1 + y[c - a n _ x - 1] 2 1 y[c - a n 

= II (i + vWs" 1 )" 1 (i + i/W*" 1 )' 1 '^-^!]!) 

k=c— a n _i 

= -y[c -2]i = l. 

Correspondingly we have a completeness condition corresponding to a red curve, 

— 22 c - 4 = = — 1 + y[c - 3 4 -r w 

4'[c-3] y[c-3] 3 2/[c-4] 4 

= -2/[c-2]3y[c-2] 6 = l, 

where we have used (4.10) and (4.13) at the last equality. This completes a proof for the 
case (IV). 



4.4 Cluster Pattern and Complex Volume 

We reformulate the preceding result by use of a cluster x and a coefficient tuple e. 
Actions of the two flips R and L defined as permutated mutations (4.5) are explicitly 
given by 



R 



x, e) — > R(x, e), 



(x, e) — > L(x, e) 



(4.14) 
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where 



R(x, e) 



x 5 

Xq 
X 3 

X4 



\ 



£2 x 3 x A 



1 © e 2 x 2 1 © e 2 x 2 

£ 1 X 3 X A ^ 1 X 5 Xq 



L(x, e) 



\\lffi£i Xi ' l©£i Ii 

// X l 

%2 
X 5 
Xq 

1 Xi X 2 £4 X 5 Xq 

1 © £4 X A 



£5 
£& 



£\ 



£2 



1 © £1 1 © e 2 
£1 £2 



1 © £1 1 © e 2 
£3(1 ©£i)(l ©£ 2 ) 

£4(1 ©£l)(l ©£ 2 y 



V 



1 © £4 3^4 

1 



Xi X 2 £3 X5 x 6 



£1 

£2 



^3 



£4 



1 © £3 1 © £4 

£3 £4 



(4.15) 



1 © £ 3 1 © £ 4 

£5(1 ©£ 3 )(1 ©£4) 
£ 6 (1 ©£ 3 )(1 ©£4) 

£t 



I J 



\ \ 1 © £3 X 3 1 © £3 x 3 / 

Definition 4.5. A cluster pattern of K q / P is (x[k], e[k]) for = 1, 2, . . . , c — 2 defined 
recursively by 

(*[£; + 1], e[k + 1]) = F k (x[k\, e[k}) , (4.16) 
where F k is i? or L as (4.3). 

Prop. 2.3 shows that the ^/-pattern y[k] in Prop. 4.2 can be given in terms of the 
cluster pattern {x[k\, e[k\) as (2.4), 

_ / r , x[fc] 3 x[A:]4 g[fc] 3 x[fc] 4 r , , x [fc] 5 x [k] q 
V[kl ~ ^^ 1 a ;[A;] 5 a;[A;] 6 ' £[A;j2 a;[A;] 5 a;[A;] 6 ' £[A;j3 x[A;] 1 x[A;]2' 

#u x !f ! 5 *[* ! e , e [jb] 5 j*! 1 f} , e w« • (4.i7) 



x[A;] 3 a;[/c], 



x[k} 3 x[k]. 



Folding conditions (4.9) and (4.10), which comes from folding of the Farey triangles 
a [2] and a[c — 1], are fulfilled by constraints on cluster variables and coefficients, 



and 



^(£[1]) = (-1,-1, 1,1, -1,-1), or (1,1,-1,-1,-1,-1), 
x[l] (x, X, X, X, X5 , Xg) , 

ip(e[c — 2] 3 ) = ip(e[c — 2] 4 ) = — 1, if n is even, 
tp(e[c - 2]) 2 = if>(e[c - 2]i) = -1, if n is odd, 



(4.18) 
(4.19) 

(4.20) 



(4.21) 



x[c — 2]i = x[c — 2] 2 = x[c — 2] 5 = x[c — 2] 6 , if n is even, 

_x[c — 2] 3 = x[c — 2)4 = x[c — 2] 5 = x[c — 2] 6 , if n is odd. 

Here is defined in Def. 2.5. At (4.21) and in the rest of this section, we regard that 
the coefficients are in the image of ip for simplicity. We should note that one of the 
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two conditions (4.18) is chosen so that it is consistent with the constraint (4.20). To 
fulfill (4.18), we set 

e[l] = (5 mi ,5 mi ,5 m2 ,5 m2 ,5 mi ,5 m3 ), 

where (mi, 1712,1713) is (odd, even, odd) (resp. (even, odd, odd)) for the first (resp. sec- 
ond) case. By these conditions, the cluster variables x[k]j are solved up to constant. 
We can see from a three-dimensional interpretation of flips in Fig. 11 that the cluster 
variable x[k]j is assigned to an edge of ideal tetrahedra Aj(F fe ), and (4.19) and (4.21) 
support that identical edges have same complex numbers. Then the cluster variables 
are identified with Zickert's complex variables on edges, and the complex volume can be 
computed from the cluster variables. 

To compute the complex volume modulo 7r 2 , we should fix a vertex ordering of each 
ideal tetrahedra Aj(F fe ). Although, contrary to the once-punctured torus bundle, an 
orientation of triangulations of £0,4 cannot be fixed uniquely due to the transformation 
group T, and it is tedious to give orientations from q/p. So for simplicity, we discard 
vertex ordering, and compute the complex volume modulo From (4.11) and (4.17), 
we obtain the following. 

Lemma 4.6. Let (x[k],e[k]) be a cluster pattern which satisfies the conditions (4.18)- 
(4.21). Then the moduli zi[k] and z 2 [k] of a pair of tetrahedra Ai(F k ) and A 2 (F k ) are 
given from the cluster pattern, 



1 x[k] 5 x[k] 6 fQrFk = Rj 



e[k]i x[k] 3 x[k] 4 

Zi[k] = < 

1 a; [A;] 1 a; [A;] 2 

k e[k] 2+i x[k] 5 x[k} 6 
for k — 1, • • • , c — 2 and i — 1, 2. 



(4.22) 



, for F k = L. 



Then we obtain the flattenings of the tetrahedra Aj(F fe ) as follows. 

Lemma 4.7. We follow the setting of Lemma 4-6. The flattening (zi[k];pi[k],qi[k]) for 
a tetrahedron Ai(F k ) are given by 



log Zi[k] + pi[k] 7ri 



loga;[A;]5 + logx[k} & - log a; [A;] 3 - log x [A;] 4, for F k = R, 
loga;[fc]i + logx[A:]2 - logx[A;]5 - logx[fc] 6 , for F k = L, 



Ml-^D + ^i ( 4 - 23 ) 
logx[A;]3 + logx[A;]4 - logx[k]i - logx[k + l] 7 _ h for F k = R. 

logx[A;]5 + loga;[A;] 6 - logx[k] 2+ i - logx[k + l] 7 _j, for F k = L, 



for k — 1 • 



, c — 2 and i — 1,2. 
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Proof. Due to explicit forms of flips (4.15), we have 



e[k}i x[k] 3 x[k]. 



1-Zi[k] 



l@e[k]i x[k]ix[k + l] 7 _i' 
e[k] 2+i x[k} 5 x[k} 6 



k 1 © e[fc] 2+ i z[fc] 2 +i a: [A; + 1] 7 _ 



for F fc = i2, 
for F fc = L, 



(4.24) 



for % — 1,2. By comparing (4.22), (4.24) and a form of (2.15), we get the claim. □ 

Theorem 4.8. The complex volume of S 3 \ K q / p is given by the flattenings of Lemma 
4.7 as 



c-3 



i (Vol(5 3 \^ /p )+iCS(5 3 \X ?/p ))=J]5]L^[A;];p4A;], % [A;]) mod-. (4.25) 

fc=l i=l,2 



Remark 4.9. Vertex ordering of each tetrahedron can be determined case by case. As an 
example, we study K[ a+1>2 ], which has a cluster pattern 



(x[l], £[1]) A {x[2l e[2]) A • • • A (x[a + 1], e[a + 1]) 



Based on triangulations of knot complements, we may choose vertex ordering so that 



(sgn(A 1 (F fc )),sgn(A 2 (F fc )))= I 



(—1, —1), for odd k and k ^ a, a — 1, 

+1, +1), for even k and k ^ a, 

+1, —1), for odd k and k — a, a — 1, 

^ (—1, —1), for even k and k = a. 



We can then identify 



(zi[k], z 2 [k}) 

( ( I0e[fc]i x[k} 1 x[k + 1] 6 1 ®e[k} 2 x[k] 2 x[k + 1] 5 

a;[A;]3a;[A;]4 e[k] 2 x[k] 3 x[k} A 

1 x[/c]5 x[k]s 1 x[A;]5 x[/c] 6 



x[fc]3 x[k]4 ' £[A;] 2 s[^3^]4/ ' 

x[A;]ia;[A; + l] 6 10e[fc] 2 x[k] 2 x[k + l] 5 



(iee[fc]i) 
1 



x [A;] 5 x [A;] 6 e[fc] 2 a; [A;] 3 x [A;] 4 
x[A;] 5 x[A;] 6 1 x[k] 5 x[k] 6 



I VI ©e[fc]i x[k]!x[k + 1] 6 ' l®e[fc] 2 x[fc] 2 a; [A; + 1] £ 



for odd A; and k ^ a,a — 1, 
for even A; and k ^ a, 
for odd A; and A; = a, a — 1, 
for even A; and k = a. 

(4.26) 
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Accordingly, we have 
1 1 



1 - Zl [kY 1 - z 2 [k] 

x[k] 3 x[k] 4 x[k] 3 x[k] 4 \ 
- £ l k \i — F71 — in — ' ~ £ i k 2 — F71 — FTT ' for odd k and A; / a, a - 1, 



x [A;] 3 x [k] 4 £[A;] 2 x[k} 3 x[k] 4 



1 ©e[fc]i i[fc]ii[fc + l] 6 ' 1 ©e[fc] 2 x[A;] 2 x[A; + l]j 



for even fc and k ^ a, 



1 x[A;] 5a ;[A;] 6 ^ x[fc] 3 x[fc] 4 for ^ fc ^ fc = fl>a _ ^ 



x[fc]3 x\k\ 4 ' x [A;] 5 x [k] 6 

1 © eJkU x[k]i x[k + 1] 6 1 ® e[fc] 2 x[fc] 2 x[fc + 1] 5 \ for even ^ and fc = a . 
. V £ [k]i x[k] 3 x[k] 4 ' e[fc] 2 a [A:] 3 x[k} 4 /' 

(4.27) 

These data give the flattening (2* [A:] for each tetrahedra from (2.15), and we 
get 

i (Vol(S 3 \ K [a+h2] ) + i CS(S 3 \ K [a+lt2] )) 

= Z)Z) s g n ( A i( ir fc))^[fc];Pi[fc]>9i[fc]) modvr 2 . (428) 

fc=l i=l,2 

4.5 Example: 61 

The knot 61 is a two-bridge knot if [4,2], which corresponds to a = 3 in Remark 4.9. 
We set an initial seed as 

z[l] = (l,l,l,l,a;,*), e[l] = (5VWW 1 ), 

and a constraint (4.21) corresponds to 

x(2 + x 2 ) = l + 3x 2 + x 4 . 

A geometric solution is x = 0.1048 — 1.5524 • • • , and the flattenings are calculated 
from (4.26) and (4.27) to be 



k 



(z 1 [k},z 2 [k]) (pi[k}, P 2[k}) (qi[k],q 2 [k]) 



1 (-1.3992 i- 0.3256- •• ,-1.3992 i- 0.3256 •••) (0,0) (1,1) 

2 (1.8518 • • • + i • 0.9112 • • • , 1.8518 • • • + i • 0.9112 • • • ) (-2, -2) (-1, -1) 

3 (0.8951- + 1.552- •• ,0.9566 i - 0.6412 - - -) (-2,0) (1,-1) 

We get from (4.28) 

Vol(S 3 \6i) + i CS(,S 3 \6i) = 3.1639- •• + i- 3.0788 •• • G C/ivr 2 Z. 
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